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2. {e} Cohms o (wogc-e\zmd) dors .

roidde
3.1&6&»0&%,&;‘%%90«40\%@!&% R’] Degthm
D e %m\mdc»swdcnamuwm = Ig%,m\uh\okbm K, omd Ky, comy. telokiom belweem Kk, omd G\K,
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Cormickh Lo nechore &, 7, T, 5" € K omd b qpoup 6= ({¢,h,.],°) co w K & 3 rokabiom ey ©
Assume. o thot 7 < &, @ h owd &'z h" o/ e e
Them: &% 11 00,8 = 191Flcove, @ &= [&11| con0,

B hts he (K'0)® = heh'® ®

T}ecwtgugk heh! @& “zo‘azm"iom oot woops ®r— g vy

whete ¢ mops T & and h oopp T &, T — B
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3

3.(e)e(be)s (be)e (be) = bebe® = kit =c? .
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5 cc(CY=¢ \/
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Exaswples

ce o= 30° Rz’ ce AB,C: Verice of triomole
& o bye: Poimbs CO\‘MM‘O A,B,C in te moh«.»&\' brocony{promed
" beleremce. Srome
Ao. Bo Ao S, Bb
Roh.\'m

Equilaleral. trcmqle @ sqgoomdvog vonden rdtabiom R™=00p, me Z.
As RN=R3km vkeZ uwe ownlay bhone three dirtiond rolatioms
CEeR R ey

C ReR% Reo. g0 d

. Rz: Rs= Rx: . ci.("ls)l‘
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o ™ one (ot (W/3)  {am(wo+pd/é
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. Nad’hol. : E
-4 R . |
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Relechiomms
Equilolerol triomole i sogmmelric under reffledions aboot amy, Bisectria agnem bey S, Sg omd S,
There then Soham  thiee differecat 2els icn which:
- Sy ¢ Relediom Sa<{E,Sa} , a={AB,(}
. S:: Neutrel. leswerrt

Groups: S, (Sa,%)
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&RERSBSfSA

SASASBSCE RR

$e| % S, Sa R E R

Ce cb
Ao 8b Ac Bo
Ce b
A N A
_—
Ao Bb Ao Be

SaR: (Aa,Bb, Cc) /> (Ac,Bb, Co)
SaR: (A, Bb,Cc) — (Ab, Ba, Cc)
RSa: (Aa, Bb,Ce) — (Ab, Ba, Cc)

SaSg: (Aa, Bb,Cc) — (Ac, Ba, Cb)
SgSa: (Aa, Bb,C) —— (Ab, B, Ca)
S 5.: (Aa, Bb,Ce) — (Ac, Ba, Cb)
S Sgi (Aa, Bb,Ce) — (Ab, B¢, Ca)

Sl 5 55 R E D, ot Abdliom
M R-{B‘R’Ras SA'{G/ SA} 553{5,551 543{5,5‘}
There Wo\tt

* Propep become theoy ote mob the sowe ay Dy mob do theg, conly cormbaicn {e}

9Sa: (A, Bb,Cc) Ry (Re, Be,Cb) —2 (Ab, Be,Ca) ie. R

ob Sg
o S,

oh S,

¢ R
ie. R‘
ce R

o 2
i.e. R



Clomer of D
RUR R)'=Rsies,  Dre ggrem loken aquote
RP: h b, heD, %03 hat® KR tew R RM7T p=o  that ia R and R* ake thein coxn eomy.
heSy h'esy  them RP: SR S5, 5, c K iepra eq Rz $,RS,:5,5g
RPe S, RSu=SiSupes R i Pt egy R= S,KSu=8,8,
Howener  RPare ot veloked o 5, by cmy an hS, b s olomp am S, dement occordiomny o te bkin aquote
Uomres: €)={8}, (RV={R,R} ad (9):{3,,54,5c]




Tnowmetneen

Definition A‘m&:mmhm T & sowetnic g‘&mmmw (Y Po-‘uhamm\\iomf
%ef?\ d= 17271« = 1R- %l

Definikom: The sef o oll. isownelnien (ie. wormalinic. tommipromakioms) o the sedor apece K i kiowen ax the Euclideom Group E(3) op 1SO(3)
There are tuo smaim subopoups of E(®): O(8) od T

O(m) i Hnogmf o mxm oh\‘\'\otan»imn}bm wilh omathia uthPhcaLmu &m,fouhm%m

Ao orthoogeol. auctria i o. teol st G thal sckafiies Q"1 e @T= @' ==> deb(1)=det (@)t (@)= det (Q) = 4 ornd deF (@)= 14
Therefpre : P(m)={ @€ 6L(m, R") |0a'= dla= I where 6L (0, K”) i He Gewerod “Euckideam’ Limeon Group dy oll
[ det (a)=4, QeSO whete SO(m) ¢ Ocw) Licveoh, imnertble xen oodthin tromafgramalioms

Tromaoramakioms in O() amointaicn lecaglh amd obiaim innohierl

==> Poicok Groups are Gimite subopoups of the combionbony opoup O(em)

Boria TrocasSormotioro
- )
for VR K, % ‘Z‘x;eﬁ‘ whete &; & o nedon i om orthomohanall ket {£,,8, ..., €}
Am Licneat mem R: R: e; —_— é'b * lki&ai
Ab o M: &’g g’xiei ® 2%‘8 A‘s = iz% wskisa' c.e. ‘xi = %%‘skis oh ?dd = R'?m

(3

IwboA:
For tromfprmakiom o ke inomethic: [Xgyl= 1R el te i'x =Z

MZ% ZZ LAY l'xkk‘k 3 TG =ZZI (%%)(Rsc ‘k) mJZoc RS Rzakik'ssk or RR=1I
Tho} o, Ke 0(m)

A o ool o reslt an o0 ottogpral. raiprombian on  RYR = KRy = (RR)Y = (RRT, Ot forms o ofoap

Spoce Ironertiomn
Spoce onenhion  henebten diteciom oy bois weckin e P&;=-&;  ond than PRI aond PP

+1, votatiom
Elements o 0@ det (R), Re Oy A-a, tromalaliams
let Ae O@) with &t(A)=-1. Thew R=AP € SO(3) od A=RP e O(2)
Ay elecmet o O com Le aniflem ox o volkom R e SO() ob o apoxe iventiom (ollowed by o hotakion ie. RP ¢ 0
Rolokicans, R oo the soboyoup SO(2) on they adiafiyy oll goups propertia. Om the dther bomd , tefflkicron do o fohm o, 2abgponp o fuo reffledioms leone
He aqgleom cvooriomt ie. Applagrag o reeckiom fioice. tuoold abuok ool o He. set cnd thes wdk 10y otare

o onder o dexcrike the M%oofogmmm}eé citde ag meed 2 cirdes: Owe fob polokioms oo awe Son He rexulls of re{feckoms

Compopler
Sony 9:;0, PR & Ow) Reflediams cmd Rolalioms com anrlyy be camipgle to dbe rolatioms. omd veYlechioms heapecknely
R s o thakomin K ce. det(R) =44 Sag: PR, bRE' he Oc) e deb(PR)= det(h)' det(R,)
« PR ira velfleckiom  c.e. det (PR)=-4 As det(b) = £4, we hone det(R)e det(PR,) kot we kaow Hes in oot true
Howeneh: Ry=hRib!, PRyzhPRK! are perfectly fame (ob Yhe O) te. takiom omd velfediom dowen teed cock ke



Troeondakiocos Tp: % +— K43  ole o licreob bromfporanoliceon
Whie T mmops Vi—s W, it doon ol preserwe ocbkitiom and acolo anulleplicobion an:
- GUER) £ S@EE)  eop TR+ 4(0?«82)«(%*83)

« §LeB) # e§@) ey XIB # KX+
Nocelhelon, gy cmscloin ol wonoricst Tis abebiom o Talg %k To (£48)= R4 @45 = Tp (T2)
T—8+&  (Onigjon changs) T s pmetolly d ioficnile onden ogrem Hhe cofumile. chotce df Hromaloliornnd,  wedoy

T: +
T: TQ-T%: ‘)?-'ﬁ

Eenoy T€ E®) oo ke aoniguly oonflecn on o tolokiam/telfeckiom (olloued by o fomldion ze. 1= 10 = (0,3), 2e® 0e0®
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* Topdue  te 4-To-4: A Sunchiom i 20id o ke tnipdene &t amops diskend: elecmennts of ila domotan fo diskicod dleaments oy cha tmoge
* Sunjecdune ce. ombo : A rabjecun Guonchiom § ceps of leort e elemment o da duwoten X bo ome. eleament o ibs codomoim Y st Y= Tom (§)
e I§ §: XY, o sabpckne § voeY, IxeX st §@):o  (Sunjeckom com oluoap be ochvened by relvicmy Y to L (§))
I§ ook aanedtine ¢t in xoid fo be 4 ke
* Bigdine: A oonchiom § in 20id to ke bispdine i§ & & wnjpdine cnd rabipctne 2ach thot ko eerqy elemeot in by dowotm Here coerpands ae cmd ool cve
deavemt in dh codumnoico Y eond micenentan. A Susncliom com thos ke begpdine & ond oy o i @ conerbible.

Sorwe. qloups 6 = (6',0) com ke moped lo codter qroup 6’2 (6',+) byyweoms dje funchion B e, @: 6 ¢’
LoThe mmoppiemy i aaid to ke “homommonphic® & [Vog,q0 € 61 @ (o) = Blay) B (ay)|

* Hoomormobphisoms femd o ke anommgy - to - ave omdcnfcfwg. otnlo

* 1¢ Y hoomonghic amoppiooy @ i bisgchue (e. 4-fo-4) it in 20id to ke “irowmorphic* te. 626’

Kerenel. ken ()
I ¢ in the ideonkly iom 6 omd 6’ tn hoocmonphic b 6, He keroel () K o opnem by (K= {Yoe 61 dcop-e'} |
I onden to hone o.l:o«mb?l\zum, ker(®) crt ke cnode hbmpl&o\om 6

I§ ker @ # (e}, @ md cngecine and thod ndt acm (omeoh phixco:

M: For ¢: 39 where %66,3‘66'
It Soﬁmuﬂ-u} § 9P % Y% —¢ st % € ker(g)
IS oy #Qn, ® » od inpeline cod %% fe st ken® #{e}

N.B. Omwe com clmony ralid 6 o the g oy @ o»ihu\m.&ambcgmp o Im@):{%e(”os:m%ﬂ B
N.B.2. Ome com avcke ooy moppisegy B@m%&wﬂ%dﬂehﬁwl (Ask Pho&euoh?)

Cayley’s theorem
Every finite group of order n is isomorphic to a subgroup of S,. The action of
any element g; of a group G on all other elements {gi, ..., gn} can be viewed as
a permutation: {g;g1, ..., gjgn} = {9p;1)>- - > 9p;(m)}- In this way g; can be asso-
ciated in a 1-1 way to the permutation p;, it will follow the group multiplication
(which is invertible). In this way it forms a subgroup of S,,. See Jones for further
details.



Erxo:mp'z o hoota %m‘%wﬂ z,
6= ({gealza4y, x}
6= 2= ({o,4,,04}, +amod(@))

@: 60

Hocommnoophic § Yoy, 00 € 61 B (o0%) = Blo) Bloy) ie

Yoyt € Lot Daytqpdomod) = Bloy) X 6 (a) where Bioy), Blay) € 6

A 2 - eiau(m/m) whete mme N, ¢(°6m)‘ euu(m/m)

M (o&#%,)/m st (%‘Q%‘)mocl(m)[m where &, (t@.»@)(md(co) eZ we hoe (cb‘&%g)caml(m): Qo -O®
Them elSMauiamlomdeim  isn (gl -(00s - ianoyim - isTQn/m

Them: @ ((oytqu)mad@) = Blgy) X Blog) § 8- s @20 (/)

As o resalt, 6 s oxomobphic to Z,

Ove com tmop E() bo 6= ({4,-1};x) by opplugmgy @: (0]2) — &t o

s tete ore two opkioms Son deb0, Huin emoppiongy ia cmomoy-to- cne

This woppioey G 4-lo-4

M 8 ((0,18,)(0,18,)) = et (0,0,) = det (©,) det(0,) ood & & GnotG- fo- ome Hinin o howeowaobphinm

Tre kereosl E'() s o subagoup of E) axvlihled boy rolaboon, Hromlakioms ovd volokiooos + romllobioms. 20 ot det (04
L— This e keoomon proper Eoclidenn Qoup o0 Mo&a‘\m&c‘mm"m@

Exacmples
1) Dy S,
1) (ot Zy
3) $0(2) £ 0()
L so(): AL reod seabpicas RTR=4 oo det R

b o ¢ d -b
I§ R=Ca) we bove RT:(&: d)’RJ’(“C w)
The: @  Ame
Re) - (’&‘me cohe)
) ={ewlqe[o,n]}

4 g E(8)—2,, (210)— kt(0) Y¥&eR’, VO e O

= dia ond be-c

B: 50(2)— (), R(E)—> e

A RER(B): RGHR) we hove o hommomobpham
o R REP)— OB, o, o8

Tt oo o ixoomorphiaem

T\n&A n o WM o> (334 |04)(€, l 01) = (&3 '03) 0(’0(‘ cltt(og) = Jz"(oqog) = Ck"(o-i) ek"(o;)
bowen, o te elemems of E() ore cofjnd  bub det(0) =24 Huin e cod o cxomonphiamn

B) @: G+ 1

6) @: 0— DB, 0+ OO o i K: dt(r0) =N"det(0) & m=odd

ﬁel' (det(@)0) = (£4) et (0) = +4

Thia o o homonphism ket oof o iacmonphizm on it i 2 to 4 ken @ = { e - Yoo

A @ Dy
«

8, DG b

(n'r% keb® ot b «m&%mﬂ&c’mo& 6 wheb @p: 6— 6’

kend, « {e,b} ¢ [©, (b)]
ebgy s {ec,: [, @]

‘)Kc.mH (,m (l?umm ky) “& ‘\:mhpk.&m on ¢‘(bc)¢4(l\¢): C" f ¢‘Cbc.b;) = e
M l:k ( Rewnore hu‘:) Ibawhflnuao 'S ¢,(bkcm) QS,gBQcF) = bkd = ¢(bkcm‘:"c?) = ¢,'( Bk"'c’“) = l)kd



Whero denlismay wifh Yeptesemoliom, it cgmenally aged prockee. o lock of thew o groups of bioveor fromSprumbom, ockiong an teclon spoce
Thia nechiorn 0 dedicoled o Yesiecwisoq tome comeaghs Gudosenlall Soh thin deacripiotn

Feeld

AGeld or o 2t F o which the bimohey operakioms & addikiorn (1) acnd evollilicakior () ore defmed.

Yo,byc,d eF the Geeld amomms ore: ()
1) Uorure: atb=c od a-b=d Fidld: A Field in om etnrecmidle Jshmd:d-mw,
2 Asociobuachyg ot (bic)=(o-tb) C and o (b-c)= (- b)-c ave J oll elecmerts of F with odddiorn on covnb. b
s)(mwwh‘w%: otb:=bia od a-b:=b.a maawm&y«adb,omm-m
4) Tdeotckien: 0eFl ato=0 ood 4eFlo-i:a derent with mn’Lkal«a“ o corob. law.
6) Ioovema : Yoef, 3 ¢o)ef| a4 (-0)=0 ond Yoef Ia'eF | <oz m‘izwhm aond odditeorn dirkribole

6) D&h\whmhb a- (bte) = (a-b)+ (arc)

\eclon S!:mz

A weckoh apoce &WMa%‘ddFaammﬁ%a¥thMaR«m%ofd&m(od&m F VXV V) ond o bumioy Suachiorn (scolab
wulliplcokiom, <1 FxV—>V) ate defgered. Amgy aedoms &, 7,8,F ¢V »\.&%B@}ﬁw%wm {gh ooy xalah o beF:

1) Closwte: AR ® ond  oF=F Vee)ohwmmo.hdmo&m?w&hod&hom
2) Msociakisilog RO R) = (4543

3) Lok oeV| @102 od  1ef|1-7-F

) Teonenae: VIV, 3R TH(¢7):8  od Voo, Ja'efl o'(a’)-

8) Commbhudy TR

6) Gompokibdhy  @b): F=o(b-F)

F) Dixbwbukeve
L o meckio old. ot scdor ok (ot BT 0% ¢ b
Lo of acolob omlt. wort wedk odd.: o (R4%): 0B +0

A seb o medony {21}, =4, ..., 0, in lieonloy ndeqerndennt & Hrete ¢ 930 coom-tinial, combionotiom which gjelds te ool wedon
Thot v : 1§ (el}ca'medl%wrh?um'w* ING=0 § owd “ft?)is A =0 ¥i

Boris

Ahm%wﬂzpw*uko%wkm{e by ity m, Gorams o botia oy V¢ they apom the apoe ce. ooy eV com be enpresed ax o necdor oldikioro
& elecments & e bonia : - ?.u.e‘

I&ﬁcb&sbm-mﬁ&ﬂem&hmm&dbkm-&mﬁw& while & o iwofgende dumemtiomal i o iorfgnde coaumben o Lieordy, inde pecndesn
weclons com be Souend

Licoean Hop

Aamop T:V—V i bineoh i it sokafies the comdibomt the Sollowiony cxodibios V@, T eV ond VacF:
1) A&mea T(R+&)= (@) + T(®) T(oBtbT) 2aT(@) +bT(®) ¥RXBeVomd o,bef
) Scdlob talk: T(a®) = o T(R)

Ginem 0. boss {2}, T realises a» o omalhn Dij whoe eleawnbs ofe oguem boy:  T;- D52
A’: 5= ﬁiei: T2 = T(o.a'e':))tu.’bb;aa we kome “‘:o} ‘\?i:Di'S(l.s or D: 5‘: [Yrd



Soay that {21} cmd T} are both bosia & o wechr apoce V.

Ao ¥, T €V, the tuo boria o ke whillem o bmean combimoliom dy He ek bosa wechies ox Sollomn: &

A
It Sp”owa wn} ﬁ“’-e?i EY U«.;SQ-S; =| u‘;?;& el lk’): (L‘S,.a o (_L.'a 5!_1: VE”eV |—'tdo.\'m«mﬁkmth\hu l:o"l"o ?de

T; ore aeckrs @ ¥ ce. 38"
Now coconider a. Liomeoh aoop T: V—s V sch thol Te;=b e, T By ond ®-T2

It%oﬁﬁ))b l’\’h} B":S?sSTﬁ’:SD(S‘R")x D‘a’ s T

= D= DS

A biveor woop cmomifpats. b differemt amolbican (D, 1) in difgrenet bosin {11, {Ti} o te 2omne meckin spoce V. Nomehelless, ook oy buo bosia ae. telloled by
the chowg o bodis emalbia S €543, % ar Domd D by D'=SDS™ . As o towll, N and D ore 20id o ke siamidon

Livocnicnt Subapoce.
A sabipoce W oV @ om zonnonioot sabapace for T: ViV i§ T cmops eschoy aecor oo W loock terlo W
L WeV i T-umaniont § FeW — T(F)EW e TWEW
eqp I§ T: VeV, tre ol tmruoniont subspoces ate V ibsel§ end {3}

Swluhﬂvodux}mo.%hSFomV

The acolah produd (2,7) ia defimed o» o bimargy opehalin/emop VXV — € which astioges exch ordered poitb @, T € V o xalab im €.
The. bienokey operolion amuat @mh%%oﬂm% properta:
) Heramikeiky: (&, 7)< (@,2) NB. This & operolly velgived to o cb produd® un - dicvemacand
w, cadidam apce . Amotler enasmple i e orerlop ashegpall
3) Po&}mihb (@, X)) y0 in wone omechomics (¢,¢):=j(p’(m)¢(«)d3oc

2 Liceahiky : (&, A+ pF) = & (&, W) + (B, T

A edor BeV o 20d bo ke coromolized ¢ 1301 = (&,8)" 4
Tao sedons @,F eV are 200 bo ke orthopol & (X,7)-T

Ot hoooovramol. Bonia
Am d“’lﬁﬂm!. boxca {?‘} eV &*«A%(Q (E’;,E';,) :8"3
Gmm%m {33 o V ome com oloxu c:mbl'm.c}om orthoonaml. boaes {€:} oy mecons o the Glrowo - Schonidt Procedure:

proyg (&) = i(‘;:—gm omd s By - L proje (1) such theb &= Dy 1Tl

=3 - i
Thea: (&, &)= (0,2, 0;2;) = ofiw;8; = Wi,

&MM, ax» T?&: b‘h?t owe l»m:
© Dy (5, TE)

° (R’,Ta’): (u,;é’i, ‘\YsTfs) = u’,:(?i,res)'%‘ (!:;D,;s'\?s = l_L’tDE)

Usnitarg, Tromafohamatiom
A Lineor amop T: V—V ia “““‘"‘V% (72, 78)=(@,7) v&,5 eV whete T= uyT2,= uydye;

TG Ton ioomethible (e, IT7), &t com ke showm that o wwolorey oo woroiipds 0y o umilarg smbrix D= D

- X
PVm&: (TR’,T@) = (%Té’s, Mklé‘k) = 0?3 (TE%’ T?k) 'ﬁk = ug D’:& (?il b‘.kg@) Vk = 033 b:; Dqksi \Tk = U: b’is Dikvk = O?SD‘;;' le‘“t Lt ﬁfb’bﬁ
b}
(6‘.,(?) = (0,32’3, 'Vk?k) = (tsskok = Ufs‘\’k

Thew: Dl Dy =8 = O'D-1 omd D=0’

Hevarnikiom Tm?gmn}m
A Heramikiom Trarotoronobiom slaien: (T2, %)= (@,T5) auch that D= D



Represconfolicems

Whem opplugeoo, abirad aroups lo phypical toflem e meed lo coronideh the. quomlchen o cwhich oyoup elewmemly oct wporn.
These quonties  (ohm 0. catiier apce Gon e e prasemlobion o the qpoup which cmomiSabs. the ackom of te opaup o He deameshs df the cortier apxe
oo cmart coden, the carieh apoce n 0. mectoh spoce and Fepheestations are ook repraesolioms

Motz Repreremlakioro

A matrin. represerloliom (Le. Yep) D o dumemiion d of o qPoup 6 s defired as 0. hocmxmonphisam d He qfoup 6 owlo e ogoup 61(d4,K)
I tre boomommorphisen &b o taowmabphisen , e rep b i 20id b ke Goithfl.

M%e«m}emk D: 6— 6LI4K) sk or— Dy, Diye 6L(,K) Yoe6 amd Digo) - DigdDig)

Tre opoup LX) &» He o&mehl lmneahoom:.p d woneptble (ie. d¥#0) dxd matnices defjed onenr o Geld K. Sotwe biswoen Vefm\'c}zmmh(gmc\ae
dessmaty o 6L (V) where V in o wechiv apoce. Womattel, e o etlablish am comobphism behosm  6L(V) ood 6L(4,K) ame o bous o V hos beem deleromireed.

Hahnox Repreresolalioms im different Digmemions

Cootider am o dicwerosiorool. Catvien Spoe V' with orttomormel baais {£,,8,, ..., €n}
Eoch camabhin teprezenalion Digy corberpomds bo o. specifie tromefprambiorn Teg: V—V
Tt llows thok  Te € = D ()8, omd Tl b = biTigey = by Dy &g

I oddbiom: (£, Te8:) = &} Dii(€; = Dyl (84,89 = 85 Dyiley = Dy ()

A A A A
sk (ei'es) e es: 831

Thooka to the Trelakiom LWONE (33,1'(@3;), i§ we koon “:l:umo&\‘mcom&hbfuwdkom T(@o&»m&dh&am comd!’rmal\z\eyb

quuun!zm\' Pepl'w}o}m
Compiden a. tromphanakiom T(ey: V>V ockomg om Hre. cotwien apme V' with koais be{8,,8,, &} omd b
T eoch bowa Teg i repraembed by o vepraendaliom st Dy = (4, Tine:) amd By (e (&5, Tiepey)

M }hekmnho&\:omdumeh«mho§‘lmd apew Y oe om while exch element oy So&e’e«n"&c&k l:%m of S: b—sb
We com tho defcre : éizs&é‘;

It Souou& that :

A A t /A A + t -
(e; ' es) s Siss Ski (C'K 'G") S‘S 2 Ski S“S Sl Sb’. s S“

A Ay Ay
C" Qt' -y ew}

bsz(%)‘ (smsé;m T(@ Ska 3;‘) < S:w‘; (e;m T(Qé;n) Ski i SLosl)‘mk(‘a) Ski T 5;‘.,%‘(95“
B@)® Sems D (90 Sik
I coalrin molakiore: B(gy- SD(@S“
Uuu‘o.% Rep

Atep D o= Dlg) i umilabgy &§ Dyl Dyc= 8y Youe6 e Bigydig=I whoie I an the cdendibyioo 6110 N)
T‘IOM’

I§ 6 i o il opoup of ondehl], ench rep o 6 equialend b o acilarg vep
e m“mp& D(e& mio&*m"hmbr%, § %66 wheke Gaa&w&\:m,mm&mo&(gmlam«hd\d\ b'(@ Lbumi\'do% &ohem% Q™6



Defeomikom: A tep D of o ofouq 6 i veduclle i & & equimled boa tep D' fon which te aoobrices Dig) Yoy 6 i o blodk tiaggoel Sorem
That @ Ducy 5(9
D'(g)= SDiys™s ( o by wheve D, oed Dy are tepresecrlalioms Heamelna

Ocre cmcnho. wﬂf‘zésa\sﬂ\b&
-mmmwmswuu%mw
* The reps D, cood Dy mt%kl’luah&wﬂ:, Thesmaelom, we should tepeat tre phocas acdtcl we off bo irveducible vepraenaliam, (iteps)

Toomoteocot Subspocen:
Let's commider the dxd ol D (9) cotteapondiong fo o tromfprambiom Tig: V=V where V is o wedor spoce dy dicmemiiom d
le's oo oavacme Hhat Digy b tm the block treaogmal (prom ggaem cbone, where:
* Dy(9) hon diswnomeioms omx o
- By hor dicmersioms anx e where ®=d-om
* Dyl o disreconioms mx 0

d o d
A A A
Ackiom om the M:MT(a&ei : &D(@sa 3t %‘D(‘Qs‘es t “Zxc&(@uek =
I§ igom, T(@Si:&b,(%)]gas Shoom  which

It Sollows thal D,(e) ochs om o aedn apoe ¥, o diareswiom wo. This b om ionmoiont subspoce oy ¥ aa D,: Vyr— Y,
1§ Byt @, weco«mc‘&%lie soome Gon Dy (@). Howerer, &§ Big:0, Dy ochs o e iomoriont bspoce V, of dicvemaian m

Therelpre, & Dloy i Sully reducle ce. Bloy:@
e Dy eochs om coveomiomt wbipxe V, oy dimerntion WL% {3‘,...,%,,} =—=%uch thal V- v, o\,

+ D, ocs om ionooiont sabapce Vy oy dicrection o W%[é\m,...,éﬂ
DB I§ Here & o icnoneont subspxe in Y, Dmnofhzamcmf

Hoachke's Thesreom
MWJnAquepb o&o.%m‘t Mo&e&alcé\dmub
Thin Soown G e (ot thd e dlmang. iod o equinndent amnilor, vep



Exommpler

Emom?le: Trinial ch

Comaiden Hv.mm B 14, ¥qe6 (Lo B: g1 ¥oe6) ‘Ao&mob to the 4 dimembicmol Hmiol tep with aalwn DigY= 4, %) Vet
b com entead tha b mdmm&ml.b: b Q— I voeé where T i te i&u&bo& 6L(m,K)

The Hhimcol vep mmomtauwl%:b quoncikis thol do oot troofioran ab ol wnden “ﬁocl’mo%“eo&uxp

Emn?!e: Deteramitool an o rep

Coronideb o Qreup 6 with elecmeonty % o& which ol ureclzy.cms\ o ovolhices (e.0y O, OCe), ...). Fon e'mm‘:h) wmdider 6= 6L(d,k)
e cono them extolblish Hhe mappiony B: 6 — (R\fo}, %) L"‘Z\ ¢(%\:c\e\’(%) whete &t £0 ¥oueb
M cu'(o‘y%;) = M(%.)ck*(%g), ® & o homowdephizm ond @ & tep

s oty cmaben tep D ia o subgpoup of 6L(4)K), D's det(®d) s alao o rep

Exasmple: Rep o Dy
MW%%\#&? oSamunuolen&Lizba A
I§ we dSm b o e refeckom cbout Mmm“»%m@A omd ¢ on o hdakan by 420° e bose:

b = [ 0)(“\ Lizcsx (bC)‘:e.

s+ op{be] &A? \
It (olass Hhak. e b oc ¢ be b

P R N (S A (%) ele b c ¢ be b

e cb-= LC" . C’Be Lc b L e ke bt ¢ C“

cle b & e b be
et be & ¢ bt b
belbe bt b ¢ c
b < l:\-x.ctc

a‘
o

(0hat kucnd o veps o Dy, are posnikde?

1) Tt rep b =4 Voeé =) Gemeralomr: D(k) 0= 4
2 As D2 S, comtiden ponily of peromdiams == Gemeralor: D7(0) <-4 BYe=1
Lo becas)  cxam= (2)@3) B
3) fraw wah)&.m% R = (emeralors: B° (b)- ° ‘] and Bare lﬁ/, -
1% Rotatiom boy @ o &: % —> @i mp § R
Al Rotaki an L%¢om% (b—o -’a.m¢ucus¢cb 4'

Componments o medots. romafiphn occordan fo imaere hmw.am » R@)- [‘w b

B (x,ymg) T (%,m9)

B (4.1 g
M b)) te b Beal we howe $°c 3 7] Lo
A c=(123) te ¢: BT —A we bove. o tedadioms boy 130° NN B ~4/9.]

%md&nﬁ@kw%e«hﬂml\@mﬂém%x%@
It Gollows Hob tre 3D vep D' (where Y mmegws nechoh) ave agnemn by

-8B o Q)
. DO lfa=r® b ¢
Bk - [32,04] [ (»)] YR "Z’ “C')’ 4° o

cmgm &JMM(»M@L%IM%M



Schub's Letmood

Fo enerny Gnile qproup, vepraembatioms com be o bio fapa cly: irreducble (chreps) o complelely veducble (reps)

Lo By siomdlarity, rocobforamalions, (ce. chongg o bows) o com Wk riaggmolize. o teduaMle amolhia sach took itneps comalihde the dinggend ellemests.
Too cone df iootle opoups, thin comailales o Umkdw.o&m!»h}m

As threps ock oo orthogell subgpoups of the subspoce, teduckom to diaggolized {pran df the tepresembolion ogeally simplifa the protlem.
Thetdgre. ae ate djen conlebaled am Gndion the ikt bowia fo encpran veps ton et o iheps omd e conaliaiongy the soglerm Hhiough Hhote dtveps amnd theits propettan.

Comnider the. Sllowirogy tepraentoliom:
“Tre tvep D ochimgy om the necon spoce V usth dimemdio @ st D b diwembioons w0xm  owd V&' eV, DT €V (beconse iriep)
*The iveep D o:ktn% om Hhe mechon 3poce V' with diomembics o' s.b D' oy dimembiom  a'xm’ cond VA'EV, DF"EV' (lecaure brep)

Lewama. 41 A cmbvi A with disremsiom omx' (A: V' V) adafyer DigA=AD@) Voeb i ond oy i Aws He ool omalvix & on i i bigpchine.
DigA = Al == A8 v A o bigdue
Jemwa. 3: Ij o cnolwx B commmules with the ithep Dig¥oe 6, B i a complen mmulligle dy the idembds, amalvin 1

Verniowo 4: I§ Direp A BD=DB =—=)B-AI, el
Yersiom 2: 1§ IB#AT st BD=DB == D ond omirkep
Veraion 3:  I§ BD=DB , D in om ivrep” &§ B=NI ¥ it dhoold ol cackude. complelely reducible Um%ﬂw&m&a&m

op fo trreps
Prodir:
Deeoe kerp: {FeV'| AT 0] omd Lm,:[F V] 5-AF]
I§ DigpA=ABte), both ker, omd T, ore ioomohiowt sabspocms Gon enchoy intep O cond D respeckaely
Ve ken, | DiAT" Ab‘(oo):?' 0 ie DT e keby
L Ve Ty, Diy ¥= Digy AT* - ADQT" t.e. Digp® € Lmp o» BT e V'

As D: V—V cond] D' Y"—’V’, te tvobiomat ml:»fmm:

* {B}orV e D g
* Blonv' oo D §
It &ouou)h M: A-

4)MA={6'} OO‘!Cl IMA’V
1)kct'A= V' ond Iw = 3 e A:®— T VF'eV

Cooonider (4):
As ker, = {51, A & injpdine 1o 4-lo-4 A o bigckne ond wem!
A Ty Vo, A o sanjechee e olo

Comnider ©):
Ao ker,= V' oxd Tom, (3], Acs the aoll andhven &

Nows, &§ B s o cxco cmothio that sakafier BDg= DigpB ¥qe6 we o defure A= B-AI
I§ A om eiggmuolue o B, det(A)=0
To oddikom. det (B)- deb (S B) = det (s BS™)

IW?‘(

As DB<BD, AD:DA == A & 0 on bigechine bo)emoma 4
Ao det(A)0, A & oot ionerille owd P A.O ond B= AL




Schub's lewnna.(s) om Abelion Grouph

I§ 6 & omobeliom Yooy Yt Y YR €6 s.b D (9y) D)= Digye) Digy)
It Sollens thol & D(oy) comd D(gy) ate chheps, D(g =AI. Hosenen this ov o reduckle Soran
Thos, D(ep= A (ce. Scolob) e the anly ophiom §ob o ervep o om obeliam qpoup

AL mﬁzm&&po&m%&mo&oﬁ:m‘lb

Reanork

IS Hee (ce. H proper anbpoup o§ 6) ibteps of G redvickd to H ove wob mecorsondy of . T fpct ve cmiqlt be oHle fo Geod 0. crnatiic Hhok commmmulen ifhe the. sabuet o
woohrice comfmd-mbtoo.npo%ll wwmwk%wnww o ond Hen omoli cooudd thon be defetend Gromn B < AL

(h \1 mmumhs with this subset, but not w nh the whole set. Consider for Lxun])l\
the case where H is the center Z(G) of G. If G is non-Abelian and has an irrep
of dimension 2 or higher, then restricting this irrep to H cannot yield an irrep of
H, since the center is always Abelian and Schur’s second lemma implies that all
irreps of an Abelian group must be 1-dimensional (note that 1-dimensional reps
are by definition irreps).

Exoogle: D,
D)« 4 D (k)= 4
0% -4 D (b) = 4

-4 0
PR o (5

b a b
Set B-= (C A) S.l’. D(‘)(C)B: BDG)(C) = B- (“b o")
Iy D°MB= BO®() = B:al

The qgoup SO(E) comaiabs o oll 3x1 cnalhicen Bt ke orthoqgoodd. cond hora deleremmionace) 4. Thete are Hhe. rolakiom wrolvicen R(6)
The qpoup DW)  commuaby o oll 4x4 wenilabgy Gnabiices . Theae corvespand b tolaboms @ the complen plase. by €
There(pte:

“UW): &' veelo,1) Both ate ctteducile oen thein vespedine (eld

300 R(9)+ o 2one)

S0 & omorphic b U(4) wio te amp  @:Re) e omd dthenwops e teps of W) are abo reps of SO(2)
Imn oddikiam, ¢ we cwone 0@ cunm o R and enlecd & o € we om Garther tedace RE)
Lo Defme &, &-idy 2,40
A ndbotiom L% 0: 2,— &)« (cone-inime)h +i(cone - ame)tbzﬁb &t %ae zt
By s (cor01m0)R - (comd +inieme) ) = € ®R - ‘°«'§=e z,

e® o

Ao weclors, Yromafore  woikh tonerse. o boais we hone R(9)= [o e;‘b] which anokes  SO() & V() wekgy lech

We ths moml b Ggond ol rreps of 04):
+ Trintol tep: (o) 4

* Defims tep: 2¥e) - €'® “Rocthl® | Tereps o V) ogrew by D™ey<e™, meZ

* Okheba: n.tqmm\mk
L p%ey- ey = e® 'x» Ble)
Lo ) e, . ]

Cormrider the cwmgglob sacmentosn 10 0> sholes fob L=a
Umder 3 dicmemiomol. volokicoms (ie. SO()) but o terbrict curndon b0 SO(8) €0y rdlakiom oroamnd z onca we hove:

129d e |21)
(un) LI PP

12-2)

te 1amy — %10 md

i L— Tiveps o 004)



Choroclem

While we com God whether o rep s oo ariep wuﬁb%&w';m,mulmw\’lo Good oll. avvepd op lo equinoleace te. ae dow't ot o coroniden fhe
soome trepd woalliple baves. To b 20 we wom we charodere awd choroden by

Deffamkiom: Coronicker the. d- dismanpionnl vep D oo qonp 6 L. b: 6— GL(,K). The charodkh s e cmappimgy X°: 6+— € 2ach ot Xy = Tn(Digd)= 1 Digyy
Properties:
The Troce o onglic: I§ DeABC, Tr(D)= Ay Byy Cp = By Cye Ay
By cormbicnicon, this ot the daesthom oy Xty e ogt e Gollowmny proertzen
H %©):=d withdio
Proo§: D(e)=1 where T c» i&(\'}ikb i 61(d,K)
Liy=8 = %’ < Tn(De): Tn(1)= dx§;:d
2) Tre dhorockn & comdond o the s te. XU =X § & =hab”
Prooy: % hoyh! == Dig = D(w D(d D)= DLk Deoyl'th)
X(g) = T (D)= Tr [ DU Digy B'(W)] = Tr (Desy) = Xy
3) The chorocken i ndepemleat & e bown choice: %y = %oy
Prock: D'wD st D=SbS!
(g9« Tr[Degys™]= To (Disy) « Kcgp
NB. Ome com cho prone thot, G G oous, g =2"ey == D'~ D &l D and D ke chveps

Orlhogprmalily Theotesmis):
£ Theorew: Jeb b orad D be ko trveps o the qpoup 6 of ok orden Lq) i dismermsion oy, ond my, Vevpecioelyy ool chorackh X Pand X

Te charodh sdiafy |‘— I xPxMig” = 37 |
Igpév ce 2 'x"”(‘@x“’(@ <0, D" omd DV are

Tl o dhosen ks 5§ XPX XV = 8% where K, in the. coasmben & elesrents i dow K;

o | “"i\“’eﬁ

Corollarg: A rep dYo§ a opaup 6 is o dvep i Zloz."”(e,gl : [y
Theoren: 1§ 6 ia Ganile, ko trveps DPomd B are q«mhm? g X X
Lo Proof:  Retmecmloen that = 2™ i D% b
Now sagpoie X X kb DR D™, which coeomo: 2 J xy' =0
Ao 1XPQI 50 Vo6 amd AP rm, we hone "t o ®h 1.0, which & mposaible
5™ Theorewn: Jet 6 be o Guode apoup of orden 6, with (K} the b ofj comipuagay dome (c:ckoi%mhh oy elewends ;) awd {D®] e refdy irkeps up bo
ecpisolesne. Aoy boo o K and K aabiapg é%m;x‘”(Ka)X‘”(Ksi - 84

Tolerprebbon o trow & dove
Views:
[RAPWY, ., BXPK] e o sedor with diswemacorokt k . The ave b difprenk neckan, ame o each
Tre o Orth. Th. sl Hhob the scdan product bebosem cmy buo oy Here weckors o o9 §*” e, Hheoy o a. 2ek o 1 bineatly inlepemdent aecdrs
Ms the ceckor space bos o K dionemniomal. bouia, Here com anly ke up to K Visectly twdegerderst mecom im exch 2ot Therefre 1<k
A BAOKD, e, BANKN 05 o v it damesomaidy . There ave K of Hhase. oxchor
From 5~ Orth. Th. ddon bl fhe scalon produd bekoeom g ko o thee. meckors & [%1‘238 t. theoy are otthoggmal

M the ceckon space hos ot diovemniomol. borin, bete com anly ke 0p o 1 lisetly wndeperient meckms im eoch xef . Therelre k<P

Tt Sollown thal, Sor o Sy qpoap, the muomber of imequinalect crreps o the 2omwe o the conanbeh o cloen



Scolan Frodoct o& d-n.mcb%

Comticer bwo chovockers &f X, (9) omd X, (@) o the vepr Dy owod Dy of He opanp 6, with o€
Tt o comvemieont o defome. the acolar product o the ks charockem %y, %y o Sellowss: <Xy, %> = o371 %y Xyt

As Soh o %&mh ooup, eo&»ni: aequm!tdtoo.mh%m?b st D'(@D(%) D(Q;‘)D(oc) =1, «.\’&ﬂw&: that % NOWE 'X.,(Q Y%QG %6& agmko&mf
We coo e wmile the 48 OWJ%MMQ(%"‘X,') [%‘l Z'xm(@‘)i.y(%) 3

Direct suam of woolnices

I§ o ooaliix vep D of He opoup 6 @ teducille, D in equimlent b D' sk Vi) is Hock trioqgmlised for exery g 6
I&c%«.&m&hm,mm&»&h@ba%\e&wﬂ; te. com be wpiltem em\o’mk&n%mlgo\m

Therelore , encigy veducile hpbog“t%mkoguxge com ke wnillem on Gollows:  Dey: SHiyS < 20.‘,.5(')(8 where @ o He direct aom

3 ;
The dived xamo ia: L»Wogkmmebnb““dm%e\ww
D, o 0--0
Ba D"’: o . O -0
por p .

° .
6 6 6 -~ Dm
k&nﬁz«m}wxdumpo&m

Theoteon: 1 o. vep D with chorodder X, o a Stw\e%houf@ i equisolest b b’ 5DS™ 60.'.,0

the coeffeiends o, are deromioned by oy = <X, %>
Fock:  I§ O': sus‘:ga D" we houe X+ lz‘arm.@m) tous a,-m"" xS

NB.: ﬂsm‘&amk apmwﬁw
Asaore % = Jai % 25%“’ where o #b;

Ilgodm»*\na} } s L‘)x“‘zo bt on ol X ore Mtﬁwmm (ai-b)zo %
Tk»ua.mhoc‘ahm

an:m?le: Da

Mre the. ollowiang veps oy Dy irveps?
ey 4 D (b)- 4
DP @< 4 B (b): -
ol ] el

o be trep, B omat salafy, 1Pl Yoo 1P < Ly
["6] =6

X%e) = 4 Xy =1
%O - 4 X2) = -4
W = -1 xX®): 0

- Z-me 1P = 15 (¢)| b Al 3] Xy 4r2r36 [y = DV amavep

= oy 1P = 1@l 11l 3] X O 42132 6« <y = DPnamarep
= Yo PR = 10% 21X 3 O - wravos ¢ = ff = DPir am chep

- ~B O

-4 00
DV(L):[O 1 OI [)(..,) B -2 O = ).mJ‘X. (K; )l
00~ O O 1

I‘X.v(e)ll) 1|'x'(c)l’; 3|y (l>)|a 24044:10¢6:[g] = b'ir onoh o tivep



Clorecer Toble,

Feoile Group 6 with: o Orthoopeallily, Theotem: % XX ey« %miX@(KQ ‘X.M(ks)z Iy g
* onder [3y L Relaled Theorean: Db g P =%
* Seb of Joaten (K, ki L— Corollaray D™ an iwrep i %l'x"“(%)l’ -4
Eoch clom K; bea cnusmoken o elements o,
Lo Lo od ; . Lo XY XK < § .«
* Seb o imequinalemt ivreps {0} eoch e 2™ Ortinoggmolily Thecrean : lz‘mx KX(KY) = 85 1o
with disweroniom d L I§ KizKy=@ we hone ;Jlfx[%]

L. I§ Kiz@7ky we hoe édr‘xm(kg)zo which & equinoleat to ;J?%“'zo&:o §qte
\N-

4)Akkmo&m‘»: M zrreps are 4D

3 for all 4D reps, choroden moppiungy @ hoascmmonphizem
3) Nussoben o clonsen = Naaoben isvequinclest itveps
9 Faode Groaps: X = XK'= DD

A ckai'oc‘cb l’auzib M&ec\a%ﬂm

K K, - ki
0 [ty Ay - A

ng 4* Ow}% Hreoreom: Am%hm fows aye cb\\m@(m!
b.,éf"onﬂvmgmk}% Heoreom: M’B tooo colugmons deoh“mfho‘o
We com check velts L% Wﬁ%

<l 1) ;J,’ a4

bm 'X%k‘) ’Xf?k,) vee ?(f?ku) 2) ;J'jx("(kg:o

0 [T Al -+ g

‘s

Exasmple : D3
Frown prentons exaanple:

© () (b)

Hoween ome com derine this rom the orthaggmolil theotemn on (olooss:
L 3 closer = 3 inreps

L There o oluaup e triniol. rep

© © O %l'x"’(e)l's ');J;%g)lm off: Atojrmycb te wiemics omd s @yt My oh a2 myed
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